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Abstract 

We introduce the notion of hyperfiniteness for permutation actions 
of countable groups and give a geometric and analytic characterization, 
similar to the known characterizations for amenable actions. We also 
answer a question of van Douwen on actions of the free group on two 
generators on countable sets. 

1 Introduction 

Let r be a countable group acting on a countably infinite set X by permutations. 
An invariant mean on X is a T-invariant, finitely additive map /x from the set 
of subsets of X to [0, 1] satisfying /i(A') = 1. Von Neumann [IB] initiated the 
study of invariant means of group actions. 

We say that a group action of T on A is amenable if X admits a F-invariant 
mean. The group T is amenable, if the right action of T on itself is amenable. 
Over the decades, amenability of groups has become an important subject, with 
connections to various areas in mathematics, like combinatorial group theory, 
probability theory, ergodic theory and harmonic analysis. 

All actions of amenable groups are amenable and for free actions, this triv- 
ially goes the other way round as well, but in general, one has to assume certain 
faithfulness conditions to make the notion meaningful. Even when making the 
natural assumption that the action is transitive, the general picture is that for 
most sets of conditions, one can construct corresponding amenable actions of 
groups that are very far from being amenable themselves. 

In particular, van Douwen |17| constructed a transitive amenable action of 
the free group on two generators such that every nontrivial element of the group 
fixes only finitely many points. We call this condition almost freeness. Further 
examples of amenable actions of non-amenable groups were given by Glasner 
and Monod [S] and by Moon [H]. [T5]. 
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For probability measure preserving (p.m. p.) actions, the notion that mostly 
corresponds to amenability is hyperfiniteness. Let F act on a probability mea- 
sure space, preserving the measure. The action is called hyperfinite if the mea- 
surable equivalence relation generated by the action is up to measure zero an 
ascending union of finite measurable equivalence relations. As before, all p.m. p. 
actions of amenable groups are hyperfinite, and for free actions, there is equiv- 
alence, but in general, very large groups can act hyperfinitely. In particular, 
Grigorchuk and Nekhrashevych [3] constructed an ergodic, faithful, hyperfinite 
p.m. p. action of a non-amenable group. More generally, for a hyperfinite p.m. p. 
action of a group F, the action of F on almost all orbits is amenable. For the 
other direction, Kaimanovich presented a counterexample. 

The main goal of this paper is to introduce and analyze the notion of hyper- 
finiteness for permutation actions of countable groups. If F acts on a countably 
infinite set X , then the action always extends to the Stone-Cech compactifica- 
tion f3X. This connection establishes a bijection between invariant means on 
X and invariant measures on /3X. In particular, an action is amenable if and 
only if the extended action preserves a regular Borel-probability measure. This 
suggests the following definition. 

Definition 1. Let the countable group F act on the set X by permutations. 
We say that the action is hyperfinite if PX admits a regular Borel probability 
measure that is invariant under the extended action and for which this action is 
hyperfinite. 

In particular, every hyperfinite action is automatically amenable. 

Our first result gives a combinatorial and a geometric characterization of 
hyperfiniteness for actions of finitely generated groups. Let G„ be a sequence 
of graphs with an absolute bound on the degrees of vertices in G„. We say that 
(Gn) is hyperfinite, if for all e > 0, there exists Yn C V{Gn) and K > such 
that \Yn\ < s \ Gn\ and every connected component of the subgraph induced on 
y(G„)\y„ has size at most K {n> 1). This notion was introduced in [5]. 

Theorem 1. Let T be a group generated by the finite symmetric set S , acting 
on the countably infinite set X by permutations. Let Sr denote the Schreier 
graph of this action with respect to S. Then the following are equivalent: 

1 ) The action is hyperfinite; 

2) There exists a hyperfinite F0lner-sequence in Sr; 

3) There exists an invariant mean /i on X , such that for all e > Q, there exists 
Y (- X with < £ and K > Q such that the connected components of the 
induced subgraph of Sr on X\Y have size at most K . 

In [T7] van Douwen asked the following question. Let H he a. countable 
infinite amenable group. Is there an almost free transitive action of i^2j the 
free group of two generators, on H such that every invariant mean on H is 
i^2-invariant? We will show that the answer is negative, however, it is true if we 
change the almost freeness condition to faithfulness. 

Theorem 2. 
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1. There exists no almost-free transitive action of F2 on a finitely generated 
amenable group H which preserves all H -invariant means. 

2. For any finitely generated amenable group H , there exists a faithful, tran- 
sitive action of F2 on H which preserves all the H -invariant means. 

Finally, we show the following. 

Theorem 3. There exists an ergodic, faithful p.m. p. profinite action of a non- 
amenable group that is hyperfinite but topologically free. 

Note that this answers a question of Grigorchuk, Nekrashevich and Sushchanskii 
[To] . Note that Bergeron and Gaboriau [3 also constructed an ergodic, faithful 
p.m.p profinite action which is not free, but topologically free. 

2 The Stone-Cech compact ificat ion 

Let X be a countably infinite set and (3X be its Stone-Cech compactification. 
The elements of fiX are the ultrafilters on X and the set X itself is identified 
with the principal ultrafilters. For a subset A C X, let Ua be the set of ultra- 
filters uj € fix such that A € w. Then {Ua]a<zx forms a base of the compact 
Hausdorff topology of f3X . It is well-known that the Banach-algebra of contin- 
uous functions C{l3X) can be identified with the Banach-algebra 1°°{X). Let 
/X be a finitely additive measure on X. Then one can associate a regular Borel 
measure fl on j3X, by taking 

fliUA) = M . 

Indeed, let / e 1°°{X) be a bounded real function on X. Then the continuous 
linear transformation 

T(/):= I fd^i 
Jx 

is well-defined. Thus, by the Riesz representation theorem 

J fix 

for some regular Borel-measure 'jl. Since T{xua) = m(^); t^ie equality IJ,{A) = 
holds. In fact, there is a one-to-one correspondance between the regu- 
lar Borel-measures and the finitely additive measures on X, since the integral 

/ d/i is completely defined by /i. 
If s : X — > X is a bijection, then it extends to a map 's : PX — > /3X by 

s{u;) = y s{A) . 

Aeu: 

Since 's{Ua) — f^s(yi), the map s' is a continuous bijection. Thus if F is a 
countable group acting on X, then we have an extended action on /3X. The 
following lemma is due to Bliimlinger [21 Lemma 1] 
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Lemma 2.1. There is a one-to-one correspondance between the T-invariant 
means on Xand the T-invariant regular Borel probability measures on X . 

Proof. Observe that the set of F-invariant regular measures is the annihilator 
of the set 

{/-7(/)l/eC(/3X),7er}, 

and the set of F-invariant means is the annihilator of the set 

{f-l{f)\fel^{X)}. □ 

Therefore an action of V is amenable if and only if the corresponding action on 
fix has an invariant probability measure. 

3 Geometrically hyperfinite actions 

Let r be a finitely generated group acting on X preserving the mean /i. Let S 
be a finite, symmetric generating set for F and S'r be the Schreier graph of the 
action. That is 

• V{Sr) ^ X. 

• (x, y) e E{Sy) \i X ^ y and there exists s £ S such that s{x) = y 

Note that we do not draw loops in our Schreier-graphs. Let T be a subgraph of 
Sr- The edge measure of T is defined as 

1^e{T) = \ degj.(x) d^i{x) , 

where degj'{x) is the degree of x in T. We say that the action is geometrically 
hyperfinite if for any e > 0, there exists > and a subgraph G S'r such 
that V{Ge) = X and 

and all the components of G^ have size at most if^. It is easy to see that geo- 
metrical hyperfiniteness does not depend on the choice of the generating system. 
Note however, that the geometric hyperfiniteness and the hyperfiniteness of an 
action do depend on the choice of the invariant measure. It is possible that for 
some invariant mean fii the action is hyperfinite and for another invariant mean 
^2 the action is not hyperfinite, only amenable. 

The hyperfiniteness of a family of finite graphs was introduced in '31 . Let Q = 
{Gn} be a family of finite graphs with vertex degree bound d. Then Q is called 
hyperfinite if for any e > there exists > such that for any n > 1 one can 
delete e|T^(G„)| edges from G„ to obtain a graph of maximum component size 
at most K;.. 

Proposition 3.1. Let Sr be the Schreier graph of an action of the finitely 
generated group T on X . Then the following two statements are equivalent. 
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1. Sr contains a hyperfinite F0lner- sequence. 



2. The action is geometrically hyperfinite with respect to some V-invariant 
mean fx. 

Recall that a F0lncr-scqucncc of Sr is sequence of induced subgraphs 
{Fn}^^i, where the isoperimetric constant i{Fn) tends to zero as n tends to 
infinity. The isoperimetric constant of a finite subgraph is the number of out- 
going edges divided by the number of vertices. 

Proof. Suppose that Sr has a hyperfinite F0lner-sequence Let G„ C 

Fn be induced subgraphs such that lim„_^oo |y|^J^j| = 1 • Then clearly {Gn} is 
a hyperfinite F0lner- sequence as well. Therefore, we can suppose that 
are vertex-disjoint subgraphs. Indeed, let F^ be an element of the F0lner- 
sequence such that 

\V{FnAFl)\ ^ 1 
\V{FnJ\ W 

Then let F„2 be an element such that 

|y(F„A(J^iU^nJ| 1 

100- 

Inductively, we can construct a hyperfinite F0lner-sequence consisting of 
vertex-disjoint subgraphs. Now let uj be an ultrafilter on N and lim;^ be the 
corresponding ultralimit lim;^ : Z°°(N) — >■ R. Let 

fx{A) := hm . 

\V{Fn)\ 

Then is an invariant mean and the action is geometrically hyperfinite with 
respect to /x. 

Now let us suppose that /i is a F-invariant mean on X and the action is geo- 
metrically hyperfinite with respect to ji. Let {G£}£>o be the subgraphs of Sr 
as in the definition of hyperfiniteness. We need the following lemma. 

Lemma 3.1. Let R C Sr be a subgraph of components of size at most C . 
Suppose that the edge- density (number of edges divided by the number of vertices) 
in each component is at least a. Then afi{y{R)) < ij.e{R) ■ 

Proof. We can write i? as a vertex-disjoint union R = u|^]^i?i, where all the 
components of Ri are isomorphic, having Zj vertices and mj edges. Let Si C 
V{Ri) be a set containing exactly one vertex from each component. We can 
even suppose that under the isomorphisms of the components we always choose 
the same vertex. Thus by the invariance of the mean, we have a partition 

V{Ri) = lJj^,Si, 



5 



where Sj = Si, fi{Sf) — j-V{Ri), and 5'^ also has the property that it contains 
one vertex from each component and under the isomorphisms of the components, 
it always contains the same vertex. Then 

where dj is the degree in a component of Ri at a vertex of Sf . 
This yields fJ-siRi) = iTii^jL{V{Ri)) /li. Therefore 

k k 

fiE{R} = E ^^^(^») = E ^^f^ivm) > MV{R)) ■ □ 



Now, pick a sequence £i > 62 ^ ■ • • such that 

00 

Ev^<i- (1) 

i=l 

Let (5 > be a real number and Gs be a subgraph as above. Let Sf be the 
union of components of Gs in which the edge density of Sr\G£. is at least 
By the previous lemma, we have 

Hence fi{V{Sf)) < ^Jel. By ([T]), for any n > 1, there exists G'^ C G^, having 
the following properties. 

• is a union of components of G^. 

. > 0. 

• If Z is a component of G^ then the edge-density of S'r\G£. inside Z is less 
than ^Jsi-, for any \ < i < n. That is, we can remove yfei\y(Zy\ edges 
from Z to obtain a graph of maximum component size Ki,^ . 

For e > let Wf C Gs be the union of components iJ such that the isoperimetric 
constant of H is less than e. By our previous lemma, it is easy to see that for 
any fixed e > we have 

lim^(W^I) = 1. 

.5^0 

Therefore, for any n > 1 there exists 8n and a component Hn of Ga,^ such that 

• the isoperimetric constant of i7„ is less than i , 

• for any \ <i <n one can remove ^JelSy (lln)\ edges from _ff„ to obtain a 
graph of maximum component size Kg.^ . 

This implies that is a hyperfinite F0lner-sequence in Sr. □ 



6 



4 Graphs and graphings 



Let T be a countable graph of vertex degree bound d, such that V{T) = X . 
Then there exists an action of a finitely generated group F such that T is the 
(loopless) Schreier graph of the action. Indeed, one can label the edges of T with 
finitely many labels {ci, C2, . . . , c„} in such a way that incident edges are labeled 
differently. This way we obtain the Schreier graph of the n-fold free product of 
C2. If /i is a F- invariant mean on X such that T is the Schreier graph of the 
action with respect to a finite symmetric generating set C F, then /i is an 
i?-invariant mean for any other action by a finitely generated group H with the 
same Schreier graph. Indeed, \i h € H is a, generator of H and A Q X, then A 
can be written as a disjoint union 

^ = U U Ai , 
where h{x) — s{x) on A^ and h{x) = x on Ai. Therefore, 

mA)) = iMAs)) + ^i{A,) = ^Ji{A) . 

ses 

Thus if r is a graph on X with bounded vertex degree, we can actually talk 
about T- invariant means on X . Let us consider a F-action on X preserving the 
mean /i and the extended F-action on PX preserving the associated probability 
measure fx. Let G be the graphing of this action on fiX (see [l^) associated to 
a finite symmetric generating set S, that is the Borel graph on (3X such that 
(a:, y) £ E[Q) if x y and s{x) = y for some generator s. 

Lemma 4.1. The graphing Q depends only on T , assuming T is the Schreier 
graph for the action. 

Proof. Let H be another finitely generated group with generating system S", 
such that the Schreier graph of this action is T as well. It is enough to prove 
that for any w S 13X and s' £ S' either s'{uj) = uj or s'{uj) = s(a;) for some 
s G S. Observe that there exists s e 5 or s = 1 such that 

B^{neX I s{n) = s'(n)} G w . 

Let A e UJ. Then s{A D B) ^ s'{A D B). Hence s{A) e s'{uj). Thus, s{uj) = 
s'[uj). □ 

We denote the graphing associated to T by Q{T). Note that if 5 is a subgraph 
of T, such that V{S) = A C X then g{S) C ^^(r) and all the edges of g{S) are 
in between points of Ua- Let us briefiy recall the local statistics for graphings 
[6]. A rooted, finite graph of radius r is a graph H, with a distinguished vertex 
X such that 

max dff(x, y) = r . 
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Let denote the finite set of rooted finite graplis of radius r witlr vertex 
degree bound d (up to rooted isomorphism). If T is a countable graph as above, 
let A{T, H) C X he the set of points x such that the r-neighborhood of a; on T 
is rooted isomorphic to H. Similarly, let A{0{T),H) G /3X be the set of points 
oj e PX such that the r-neighbourhood of w G G{T) is rooted isomorphic to H. 
We need the labeled version of the above setup as well. Let U^'"" denote the 
finite set of rooted finite graphs of radius r with vertex degree bound d, edge- 
labeled by the set [n] = {1, 2, . . . , n}. Now let us label the edges of T by the set 
[n] in such a way that incident edges are labeled differently. Then this labeling 
induces a Schreier graph of T and thus a labeling of G{T) as well. Again, for 
H G C/^'" let A{T, H) C X he the set of points n such that the r-neighborhood 
of n on T is rooted isomorphic to H. Similarly, let A{Q{T), H) G 13 X he the 
set of points uj G /3X such that the r-neighbourhood of a; G G{T) is rooted 
isomorphic to H. For H G U^", we denote by [H] the underlying unlabeled 
rooted graph in U^. The following proposition states that the local statistics of 
T and 0(T) coincide. 

Proposition 4.1. For any r > 1 and H gU^ 

fx{A{T,H)) = il{A{G{T),H)). 



Proof. Let us partition A{T, H) into finitely many parts 

Lemma 4.2. The r -neighborhood of any uj in Uj^^j, is rooted-labeled isomor- 
pic to H. 

Proof. Let 7 and S be elements in the n-fold free product of C2 with word-length 

at most r. Suppose that 7(2;) = 5{x) if a; G A(T,H). Then 7(A) = 6{A) if 
A C A{T, H), thus 7(w) = Now suppose that 7(2;) ^ 5{x) if a; G A{T, H). 

Then 75-i(yl(T, #)) n ^(T, = 0. Therefore,_7(w) ^ 6{uj). Therefore, the 
rooted-labeled r-ball around uj is isomorphic to H. □ 

By the lemma. 



^i{A{g{T),H))> Y. m(C/^(t,h))= E l^{A{T,H)) = n{A{T,H)). 

H ,[H]=H H ,[H]=H 

Since 

l^iA{T,H))= Y HMG{T),H)) = 1 
Heu- Heu- 

the proposition follows. □ 
The following lemma is an immediate consequence of our proposition. 
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Lemma 4.3. Let W C T be a subgraph. Then for any I > the ^-measure of 
points that are in some components of size I is exactly the ^i-measure of points 
that are in some components ofQ{W) of size I. 

Now we prove the main result of this section. 

Theorem 1. Let T be a finitely generated group acting on X preserving the 
mean jj,. Then the Schreier graph St is hyperfinite if and only if the extended 
action on jiX is hyperfinite. That is, the notions of geometric hyperfiniteness 
and hyperfiniteness of T-actions are equivalent. 

Proof. First let us suppose that St is hyperfinite. Then Sr = W U Z, 
where all the components of W have size at most K and fisiZ) < e. Then 
^(S'r) = G(W) U G(Z), where all the components of G{W) have size at most 
K and ^e{Q{Z)) < s. Hence if S'r is hyperfinite, then the extended action is 
hyperfinite. 

Now let us suppose that the extended action on /3X is hyperfinite. Let T be 
the Schreier graph of the F-action on X and £ > be a real number. A basic 
subgraph of T is a graph {A, B, t), where 

• A and B arc disjoint subsets of X, 

• t is a bijcction between A and B with graph contained in T, 

• V{A,B,t)=X, 

. E{A,B,t) = \J^^^{x,t{x)). 
Clearly, T can be written as an edge-disjoint union 

n 

T=\J{A,Bi,ti). 

i=l 

Then G{T) = \J"^i{UAi,UBi,ti) where ti is the extension of ti to PX. Since 
Q{T) is hyperfinite, there exists W C Q{T), such that 

n 

W=\J{Li,Mi,ti}, 

i=l 

where 

• Li <Z is Borcl for any 1 < i < n, 

• Er=iM(t^AAii)<i, 

• t{Li) = Mi . 

• all the components of W have size at most K . 
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Lemma 4,4. For any S > 0, there exist sets Ni C Ai such that 

11 

Y,KUAUn,)<S. 

4 = 1 

Proof. Since 12 is regular, there exist compact sets {Ci}"=i and open sets {C/i}f^i 
such that 

• Ci c Li <ZU,C Ua, , 

Cover C'i by finitely many base sets j that are contained in Ui . Since the 
finite union of base sets is still a base set the lemma follows. □ 

The following lemma is straightforward. 

Lemma 4.5. Let W be as above and let {Wk\^^i be a sequence of subgraphings 
of G(T) such that limfe_j.oo M-E(W^fe AVK) = 0. Then Imik^oc P-{Bad^'') = 0, 
where Bad^'' is the set of points that are in a component of Wk of size larger 
than K. 

By the two lemmas, we have a sequence of subgraphings 

n 
i=l 

such that 

lim fl{Bad^'') = 

/c— ^OO 

and 

n 

lim y/i(i,A[/w„fc) =0. 
Now let us consider the subgraphs Hk C T 

n 

Hk = [}{N,^kMN^,k),ti) . 

i=l 

Then by Lemma [4.31 

lim ii{Bad"'') =0. 

and 

limsup^_B(T\i?fc) < e. 

k^oo 

This immediately shows that T is geometrically hyperfinite. □ 

We finish this section with a proposition that further underlines the relation 
between hyperfinite p.m.p actions and hyperfinite actions on countable sets. 
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Proposition 4.2. Let T be a finitely generated group acting hyperfinitely p.m.p 
on a probability measure space. Then for almost all orbits, the corresponding 
actions are hyperfinite as well. 

Proof. We use the same idea as in the proof of Proposition lOl Let ei > £2 > • ■ • 
be real numbers such that 



We may suppose that the graphing Q of our action on the probabihty measure 
space {Z,ii) is the ascending union of subgraphings G = ^^=iGn such that for 
all n > 1 

• all the components of Qn are finite. 

We can also suppose that the action is ergodic, since in the ergodic decompo- 
sition /I = J ^tdvit), almost all the fj,t are hyperfinite actions as well |12) . Let 
Xn <Z Z he the set of points z such that the isoperimetric constant of the com- 
ponent of z is greater than ^Je^. Then using the same estimate as in Lemma 
I3.1[ one can immediately see that 



Now let C Z he the set of points y in Z such that the edge density of G\Gk 
in the component of t/„ containing y is greater than y/sk. Then 



For fc > 1 we define the set Ak C Z the following way. The point z is in Ak if 

• The component of Gk+i containing z has isoperimetric constant not greater 

than ^Ek+i; 

• For any I < i < k the edge-density of G\Gi in the component of Gk+i 
containing z is not greater than y/ii. 

By (21), the measure of Ak is not zero. Therefore by ergodicity, almost every 
point of Z has an orbit containing a point from each Ak. Let z ^ Z he such a 
point. Let Fk be the component of Gk+i of a point in the orbit of z. Then by 
the two conditions above {Fk} is a hyperfinite F0lner-sequence. □ 

5 On faithfulness 

If r acts on the countably infinite set preserving the mean faithfulness means 
that for any 1 ^ 7 S F the fixed point set of 7 is not the whole set. Glasner and 
Monod proved that for any countable group F the free product F * Z can act 
on a countable set in an amenable, transitive and faithful manner. One can see 




(2) 



(3) 



(4) 
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however, that in their construction, if an element 7 is in the group F, then the 
fixed point set of 7 has mean one. We call a group action preserving a mean 
fj, strongly faithful if the fixed point set of any non-unit element has /Lt-measure 
less than one. 

Proposition 5.1. If a countable group T admits an amenable, strongly faithful 
action on countable set, then the group is sofic. 

(see [4] for the definition of soficity). 

Proof. Recall that such an action is called essentially free, if the fixed point 

set of any non-unit element has /i- measure zero. It is proved in [4, Corollary 
4.2] that any countable group with an amenable essentially free action is sofic. 
Hence, the only thing remaining is to show the following lemma. 

Lemma 5.1. Let T be a countable group acting amenably and strongly faith- 
fully on a countably infinite set X , preserving the mean /x. Then T admits an 
amenable, essentially-free action on a countably infinite set. 

Proof. Let K = Ui^i^"- Let us consider the product action of F on X". 
Define the mean /12 the following way. If ^ C X x X let 



where tti is the projection to the first coordinate. Clearly, fj,2 is preserved by 
the F-action. Inductively, we can construct invariant means {/in}^i on the 
sets {X"}^^i. Now, let a; be a non-principal ultrafilter on N. Let us define a 
mean on K the following way. 



Then /i is a F-invariant mean on K. Let 1 7^ 7 G F and F be the fixed point 
set of 7 in X. The fixed point set of 7 in X" is exactly i^", and obviously. 



6 On a problem of van Douwen 

In [T7] van Douwen asked the following question [Question 1.4]: If H is any 
countable infinite amenable group, then is there an almost free transitive action 
of F2 (the free group of two generators) on H such that every invariant mean 
on H is i^2- invariant ? 

Theorem 2. 

1. There exists no almost-free transitive action of F2 on a finitely generated 
amenable group H which preserves all H -invariant means. 




v{B) =lim/i„(BnX"). 



^^,,{F-) = (m(F)) 



Hence, J^(U^]^i^") — and the lemma follows. 



□ 
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2. For any finitely generated amenable group H , there exists a faithful, tran- 
sitive action of F2 on H which preserves all the H -invariant means. 



Proof. Let Cay{H, S) be the Cayley-graph of the finitely generated group H 
with respect to a symmetric generating system S. Suppose that F2 acts almost 
freely on H. We separate two cases for the action. 

Case 1 There exists a F0lner-sequence Fi,F2, . . . in Cay{H, S) for which the 
following holds. 

• {sFn U tFn U s^^Fn U t^^Fn U Fn}^^i are disjoint subsets, where s, t are 
generators of F2. 

• There exists e > such that for any n > 1, K''-^"^*^"^'' ^^^j'^* — Pn.)\F„\ ^ 
e . 

We define the i7-invariant mean fi by 

|AnF„| 



^{A) lim ■ 



\Fn\ 



where a; is a nonprincipal ultrafilter on N and lim^j is the corresponding ul- 
tralimit. We claim that /i is not preserved by the F2-action. Observe that 
for any n > 1 at least one of the following four inequalities hold: \sFn\Fn\ > 
l\Fr,\,\tFn\F„\ > ||F„|,|s-iF„\K| > ||F„|,|t-iF„\F„| > ||F„|. Hence we 
can assume that for the set A defined by 

A^{n\ |sF„\F„| > 

A e w. Therefore 

fi{s U^^i F„) < 1 and /i(U,^^iF„) = 1 . 
Therefore /i is not preserved by the _f2-a'Ction. 

Case 2 If F0lner-sequences described in Case 1 do not exist, then any F0lner- 
sequence is almost invariant under the i^2-action, that is 

\{sFnDtFnUs-^FnDt-^F„)\F„\ 

imi ; ; = (J . (0) 

\F„\ ^ ' 

Now let us fix a F0lner-sequence {Gn}^=i in Cay{H, S). By 7, Proposition 
4.1], {Gn}^=i is a hyperfinite sequence. That is, for any e > there exists 
Kg > such that one can remove e|y(G„)| vertices and the incident edges in 
such a way that in the resulting graph G^, all components have size at most 
Kg. By the counting argument applied in the proof of Proposition 13.11 it is 
easy to see that one can even suppose that all the remaining components have 
isoperimetric constant at most in G„. Now let us consider the following 
graph sequence {r„}5^]^ edge-labeled by the set {s,t, ,t~^} 

• V{T„) - V{G„) 
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• {x,y) is a directed edge labeled by s (resp. by i, s ^ or t ^) if 5(2:) = y 
(resp. t{x) = y, s~^{x) = y or t~^{x) = y) . 

By almost-freeness and ([5]) it is clear that {T„}^]^ is a sofic approximation of 
F2 (see [7 for definition). 

Lemma 6.1. {T„}^]^ is a hyperfinite graph sequence. 

Proof. By ([5]) there exists a function / : M — R such that linia._^o f{x) = 
satisfying 

|(sL UtLU s-^L U < fiS)\L\ 

for any finite set L C H with isoperimetric constant less than S. 
Let {G^}5^i be the subgraphs of {Gn}^=i obtained by removing £|F(G'„)| 
vertices and the incident edges such that all the components of have size at 
most Kg and G„-isoperimetric constant at most ^/e. The number of edges of r„ 
that are in between the components of G'^ is less than 4/(y^)|T^(T„)|. Hence 
by removing Af{^/e)\V{Tn)\ edges from T„ and all the edges that are incident 
to a vertex in V {Tn)\V {G'^^) we can obtain a graph with maximum component 
size at most K^. Therefore {Tn}^^^ is hyperfinite. □ 
Since by [T] Proposition 4.1], F2 has no hyperfinite sofic approximation, we ob- 
tain a contradiction. Therefore F2 has no almost-free action on H that preserves 
all the 77-invariant means. 

Now we construct a faithful and transitive i^2-action on H that preserves all 
the i/-invariant means. First, fix a subset {«n}^_oo ^ Z such that in < in+i 
for all n e Z. Then fix a function / : Z — )■ {1, —1} . The action a of F2 on Z is 
defined the following way. Let s and t be the generators of F2. 

• If 71 is odd and in < j < in+i, then let s(j) = j. 

• If n is even and f{in) ~ 1, then if in < j < in+i, let s{j) = j + 1. If 
j = in+i, let s{j) = in. 

• If is even and f{in) = ^1, then if i„ < J < in+i, let s{j) = j — I. If 
j = in, let s{j) in+i. 

• If 71 is even and z„ < j < in+iy then let = j. 

• If n is odd and — 1, then if i„ < J < in+i, let = j + 1. If 
j = j„+i, let t{j) = in. 

• If n is odd and f(in) = —1, then if in < j < in+i, let t[j) = j — \. If 
j = in, let = i„+i. 

Note that the orbits of the F2-action a generated by s (we call these orbits 
s-orbits) resp. by t are finite cycles. Clearly, one can define {in}^=-.oo ^^'^ 
/:Z^-{1,— l}in such a way that for any 1 7^ 7 G F2 there exists n e Z such 
that 7(n) ^ n. 
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Now let : Z — > be a bijection and K > such that d{<j){n), (j){n + 1)) < K 
for any n ^^L^ where d(x^ y) is the shortest path distance in the Cayley graph of 
H. Such bijection always exists from Z to an infinite connected bounded degree 
graph G if G has one or two ends [TB]. On the other hand, the Cayley graph of 
an amenable group always has one or two ends |13j . 
The F2-action on H is given by 

7(2;) := (j){a{j)(j)^^ (x)) . 

Let fi be an _ff-invariant mean. We need to prove that fi is invariant under the 
i^2-action above. 

Lemma 6.2. Let n > 1 and let 

• fl^^ ■.= {xeH I d{s{x),x) > Kn} 

• 17f ' := {a; e Z I d{s-^{x),x) > Kn} 

• ■.= {xeZ I d{t{x),x) > Kn} 

• ni;' ■={xeZ \ d{t-\x),x) > Kn} 

Then the ^-measure of any of these sets is less than ^ . 

Proof. Clearly, each s-orbit of size at least 71 + 1 contains at most one element 
of rifj. The other s-orbits are disjoint from il* . We need to show that the union 
of s-orbits of the F2-action on H of size at least n + 1 has measure at least 
. Let G be such an s-orbit of size t and let Cp be the unique vertex such 

that 

d{s\Cp),s'+\cp))<K 
for i < i — 2. Consider the set 

U Cp^L. 

C,\C\>n+l 

It suffices to prove that 

^Ji{L)^^,{s{L)) = ■■■ = ^i{s-{L)) (6) 

Define hp Cz H hy s{Cp) — hpCp . Then hp is in the A'-ball around the unit 

element in the Cayley-graph of H. Let L = U/igBj'(i) where Cp E if 
s{Cp) = hCp. Then 

Similarly, fi{s'{L)) ^ fi{L) if i < i - 1, therefore © holds. □ 
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Now we finish the proof of the second part of our theorem. Let A C X. Then 
A^ [J Ah where Ah ^ {x e A | s{x) = hx} 

heH 

Obviously, n{Ah) = /i(s(A/,,)) . Also, by our previous lemma, 

M U ^(^'^))<-- 

^ n 

h,h^BKn(l) 

Therefore ^l{s{A)) < fi{A) + 1/n. for any n > 1. Hence ^i{s{A)) < n{A) . 

However, the same way we can see that /i(s^^(A)) < as well. That is, 

fj.{s{A)) = fi{A) . Similarly, /i(t(A)) ^(A) . □ 

7 A topologically free, hyperfinite action of a 
nonamenable group 

Answering a question of Grigorchuk, Nekhrashevich and Sushschanskii [10) Ga- 
boriau and Bergeron [3 constructed a profinite, faithful, ergodic action of a 
nonamenable group that is not essentially free, but topologically free. Note 
that topological freeness of an action means that the set of points that are not 
in the fixed point set of any nonunit element of the group is comeager. 

On the other hand, Grigorchuk and Nekrashevich constructed a profinite, 
ergodic action of a nonamenable group that is faithful and hyperfinite. Their 
construction is very far from being topologically free, in fact the set of points 
that are not in the fixed point set of any nonunit element is meager. However, 
we prove that the two results can be combined. 

Theorem 3. There exists a finitely generated non-amenable group with an er- 
godic, faithful, profinite action that is hyperfinite and topologically free. 

Proof. An amoeba is a finite connected graph G (with loops) having edge-labels 
A, B, C, D satisfying the following properties: 

• G is the union of simple cycles {CiY^^i. Some of the cycles might be loops. 
We call these cycles the basic cycles. 

• Any two of the basic cycles intersect each other in at most one vertex. 

• Let us consider the graph T where the vertex set of T is the set of basic 
cycles and two vertices are connected if and only if the corresponding 
cycles have non-empty intersection. Then T is a tree. 

• For each vertex x g V{G) and for any label A, B, C, D there exists exactly 
one edge (maybe a loop) incident to x having that label. Hence the degree 
of any vertex is 4. Note that the contribution of a loop in the degree of a 
vertex is 1. 
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• Each loop is labeled by C or D. For any vertex x there are or 2 loops 

incident to x. 

Clearly, any amoeba is a planar graph. The minimal amoeba M has 2 ver- 
tices. The edge set of M consists of a cycle of length two labeled by A and B 
respectively and two loops for each of the two vertices labeled by C and D. 
Let G be an amoeba. A doubling of G is a two-fold topological covering (j) : 
H ^ G by an amoeba H constructed the following way. Let {Ci}^^^ be the set 
of basic cycles of G. One way to construct H is to pick a basic cycle Ci which is 
not a loop and consider a two- fold covering ip : C[ ^ C^. Obviously, ip extends 
to a two-fold covering (j) : H ^ G uniquely, and H is an amoeba as well. 
The second way to construct H is to pick a vortex x incident to two loops Ci and 
Cj. Then we cover their union by a cycle of length two. Again, this covering 
extends to a two-fold covering in a unique way. 

7.1 The cycle-elimination tower 

Let start with a minimal amoeba Gi. A cycle- elimination tower is a sequence 
of doublings 

^ G2 ^ Gs ^ . . . 

such that there exists a sequence of vertices {p„ G V{Gn)}^=i, (pniPn+i) = Pn 
with the following property. For any A: > 1, there exists an integer such that 
the A;-neighborhood of in the graph G„^. is a tree. It is easy to see that by 
succesively eliminating cycles, such a tower can be constructed. 
Let r be the group G2 * G2 * G2 * G2 with free generators A, B, G, D of order 2. 
Note that F acts on the vertices of an amoeba. Indeed, the generator A maps 
the vertex x to the unique vertex y such that the edge {x, y) is labeled by A. 
If a; = y, that is the edge is a loop, then A fixes x. Since the covering maps 
commute with the F-actions, one can extend the F-action to the inverse limit 
space Xy- ~ liui^ V{Gn)- Recall that there is a natural probability measure /it 
on Xy induced by the normahzed counting measures on the vertex sets V{Gn)- 
The F-action on ^ preserves the measure ^, and in fact this is the only Borel 
probability measure preserved by the action. The ergodicity of the F-action 
follows from the fact that F acts transitively on each vertex set V{Gn)- 

7.2 Topological freeness 

In this subsection we show that the action of F on X^ is topologially free. Let 
us introduce some notation. If m > n, let 0™ be the covering map from Gm to 
Gn- Also, let <!>„ : Xt G„ be the natural covering map from the inverse limit 
space. We need to prove that if 1 ^ 7 e F, then the fixed point set of 7 has 
empty interior. 

Let q G V{Gn)- Then is an basic open set in Xy . It is enough to 

prove that there exists z G $"^((7) such that 7(2;) 7^ z. Let d = distG„{q,Pn)^ 
where dist is the shortest path distance and {Pn}^i is the sequence of vertices 
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as above. By the properties of graph coverings, for any element x in {(p'^)~^{Pn) 
there exists r G {(j)^)~^{q) such that distG^{x,r) = d. 

Now let w{'-f) be the wordlength of 7 and consider the vertex x = Pn^^^^f^n ■ 
Clearly, if r e Gn^^^^^^^^ and dist{r,x) = d then j{r) ^ r. Therefore $^^(q) 
contains a point z e Xr that is not fixed by 7. 

7.3 Hyperfiniteness 

Now we finish the proof of Theorem [3] by showing that the action of F on Xr is 
hyperfinite. Fix e > 0. Let us recall [T] that planar graphs with bounded vertex 
degree form a hyperfinite family. Hence there exists K > such that for each 
Gn one can remove ^|^(G„)| edges in such a way that in the remaining graph 

the maximal component size is at most K. 
Since Xr is the inverse limit of {V{Gn)}^=i for any p E Xr there exists m(p) G 
N such that if l> m{p) then the K + 1-neighborhood of p in its F-orbit graph 
and the K + 1-neighborhood of ^i{p) in Gi are isomorphic. 
Hence we have m > such that the Haar-measure of the set A of the points 
in Xr for which the K + 1-neighborhood of x is not isomorphic to the K + 1- 
neighborhood of $m(a;) G Gm is less than j^. 

Let Q denote the graphing of the F-action on Xr- We remove the edges from 
Q that are incident to a point in X . Also, we remove the edges that are inverse 
images of an edge removed from E{Gn)- Then the edge-measure of the edges 
removed from Q is less than e and in the remaining graphing all the components 
have size at most K . □ 
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